Abstract. We define the deficiency of a cohomology class u with respect to a vector field as the set of limit points in the ambient manifold of long almost closed orbits representing homology classes on which u is nonpositive. We prove that, up to infinite cyclic coverings, the sole vector fields on closed manifolds exhibiting nonzero cohomology classes with finite deficiency are the gradient-like ones. We also prove that if the manifold is not a sphere, every singularity is hyperbolic and there is a closed transverse submanifold intersecting all regular orbits, then there is also a nonzero cohomology class with finite deficiency.
Introduction
Limits of long almost closed orbits for vector fields are dynamical objects widely studied in the literature. For instance, Fried used them to defined homology directions as the set of limit points in the normalized homology of homology classes corresponding to long almost closed orbits. It was proved that there is a cohomology class which is positive at every homology direction if and only if the flow is suspended, i.e., exhibits a closed transverse submanifold intersecting all orbits. Moreover, there is a cohomology class which is positive at every homology direction if and only if the vector field is polar up to infinite cyclic coverings; i.e., there is an infinite cyclic covering such that every positive (resp. negative) orbit of the lifted flow goes to ∞ (resp. −∞). See [5] for details. Afterward, Fried himself studied the zeta function for Axiom A flows using homology directions [6] , while Andrade proved the generic stability of the homology directions under small C 0 perturbations [1] . The case when a cohomology class is nonnegative but zero at some homology directions for suspended pseudo-Anosov flows was considered first by Mosher [9] (see also [10] ). He also studied the dual C under Poincaré pairing of the homology directions for pseudo-Anosov flows X on closed 3-manifolds [12] . It was proved in the quasigeodesic case that C ∩ χ −1 (−1) is a face of the unit ball of the Thurston norm on the second real homology group (χ stands for the Euler class of the normal bundle of X). Basener described the homology directions in [3] using his previous result [2] , while Collier and Sharp proved that they are equidistributed for transitive Anosov flows [4] .
In this paper we further explore limits of long almost closed orbits but directly in the ambient manifold rather than in the normalized homology. More precisely, we define the deficiency of an integer cohomology class u with respect to a vector field X on a closed manifold M as the set of limit points in M of long almost closed orbits corresponding to homology classes on which u is nonpositive. At first glance we notice that the deficiency is a compact invariant set which is empty precisely when the cohomology class is positive at every homology direction. In particular, we have the following three equivalent properties:
• There is a cohomology class with empty deficiency.
• The vector field is polar up to infinite cyclic coverings.
• There is a closed transverse submanifold intersecting all orbits. (This justifies the name deficiency: the smaller it is, the more likely the flow will be suspended.) These equivalences suggest that we should analyze the case when there is a nonzero cohomology class with finite deficiency. In such a case we prove with the aid of [5] that the vector field is gradient-like up to infinite cyclic coverings; that is, there is an infinite cyclic covering such that every positive (resp. negative) orbit of the lifted flow goes to ∞ (resp. −∞) or a singularity. However, the converse of this assertion is false as one can easily construct vector fields with infinitely many singularities on the 2-torus which nevertheless are gradient-like up to infinite cyclic coverings. We also prove that if M is not homeomorphic to a sphere, every singularity of X is hyperbolic and there is a closed transverse submanifold intersecting all regular orbits, then there is also a nonzero cohomology class with finite deficiency. The converse of this last assertion is false too since the Cherry flow in the 2-torus [13] is a counterexample. Let us state our results in a precise way.
Hereafter M denotes a closed manifold (i.e., a compact connected boundaryless manifold) equipped with distance d induced by a Riemannian metric. Sometimes we say that M is an n-manifold to say that M has dimension n ∈ N. Denote by H 1 (M, Z) and H 1 (M, Z) the first integer homology and cohomology groups of M respectively. Recall the well known identity
where Hom(·, ·) stands for the homomorphism functor. Given x, y ∈ M we denote by γ x,y the minimal geodesic from x to y which is well defined for d(x, y) small enough. Denote by α * β the product of two curves α and β for which the initial point of β and the endpoint of α coincide. The homology class of a closed path c in M will be denoted by [c] .
Let X be a vector field in M and denote by X t its corresponding flow. If
A singularity is a point σ whose orbit reduces to the singleton {σ}. All vector fields in this paper will be of class C 1 .
Definition 1.1. The deficiency of a cohomology class u ∈ H 1 (M, Z) with respect to X is the set def(u) consisting of those x ∈ M for which there are sequences
Our first result will present some consequences of the existence of nonzero cohomology classes with finite deficiency. For this, recall that a regular covering of M is infinite cyclic if its group of deck transformations is Z; see [15] . As is well known, all such coverings admit a two-point compactification consisting of adjoining two ends {∞, −∞} with the following property: If g is a preferred generator of the deck transformations, then g n (x) → ∞ or −∞ depending on whether n → ∞ or −∞ for allx in the total space. With these definitions we shall prove the following.
Theorem 1.2. A vector field on a closed manifold exhibiting nonzero cohomology classes with finite deficiency is gradient-like up to infinite cyclic covering.
The proof will be obtained by adapting the proof of Theorem D on page 357 in [5] . Now we give sufficient conditions for existence of nonzero cohomology classes with finite deficiency. Denote by S n the n-dimensional sphere, n ≥ 1. We shall write M = S n to mean that M is not homeomorphic to S n . A singularity σ is hyperbolic if its eigenvalues have nonzero real part and a regular orbit is an orbit which is not a singularity. Of course we must exclude the sphere S n in the statement below.
Theorem 1.3. Let X be a vector field all of whose singularities are hyperbolic on a closed n-manifold
= S n , n ≥ 2. If X
exhibits a closed transverse submanifold intersecting all regular orbits, then it also exhibits a nonzero cohomology class with finite deficiency.
In particular we have the following corollary. For simplicity let us say that a vector field on a closed manifold is singular-suspended if it exhibits a closed transverse submanifold intersecting all regular orbits. Clearly a suspended vector field is singular-suspended but not conversely. The converse of this corollary is false; namely, there are vector fields all of whose singularities are hyperbolic on the 2-torus which are gradient-like up to infinite cyclic coverings but not singular-suspended (e.g. the Cherry flow [13] ).
Proofs and examples
Hereafter X will denote a vector field on a closed Riemannian manifold M .
Lemma 2.1. The deficiency is a compact invariant set.
Proof. The compactness is clear so we only have to prove the invariance. Take a cohomology class u and x ∈ def(u). Hence there are sequences
have the same endpoints and belong to a common ball, so they are homotopic with endpoints fixed. Consequently, the 1-cycles
From this and the fact that the time t-map X t is homotopic to the identity we get
Proof of Theorem 1.2. We proceed as in the proof of Theorem D in [5] . Let X be a vector field on a closed manifold M exhibiting a nonzero cohomology class u with finite deficiency. Denote by Sing(X) the set of singularities of X.
We can associate the homomorphismû :
where the fundamental group π 1 (M ) has base pointx 0 ∈ p −1 (x 0 ). Here p # stands for the induced map. Since u = 0 we have that this covering is infinite cyclic.
Let us first prove that every positive orbit of the liftX of X toM goes to ∞, −∞ or a singularity. Suppose by contradiction that there isx ∈M whose positive orbit underX goes to neither ∞ nor −∞ nor a singularity. Then, there is a real number sequencet
In particular, we can consider the closed paths
For all k large, take a pathβ k from the base pointx 0 toXt
Denote byγã ,b the minimal geodesic inM fromã tob with respect to the induced metric. We have that the curves p(γXt
) and γ X t k (x k ),x k are homotopic, with endpoints fixed, since they both have the same endpoints and belong to a common ball in M . Consequently, the closed curves [15] p. 82) we conclude that
for all k large. It then follows from the definition of def(u) that every limit point of the set sequence X [0,t k ] (x k ) is contained in def(u). Since M is compact we conclude that def(u) = ∅.
On the other hand, def(u) consists of finitely many singularities since it is invariant (by Lemma 2.1) and finite (by hypothesis). Since every limit point of the sequence X [0,t k ] (x k ) lies in def(u) we conclude that there is σ ∈ Sing(X) such that
In particular, the length of the curves X [0,t k ] (x k ) go to 0 as k → ∞. This would imply that the length of the corresponding curvesX [t k ,t k+1 ] (x) go to 0 too, a contradiction since y is not a singularity ofX. This contradiction proves that every positive orbit ofX goes to either ∞ or −∞ or a singularity. Analogously we prove that every negative orbit ofX goes to either ∞, −∞ or a singularity.
To finish we prove that there are no positive (resp. negative) orbits going to −∞ (resp. ∞). We shall prove it for the positive case since the negative one is similar. Again we proceed as in the proof of Theorem D in [5] . Suppose by contradiction that there isx such thatX t (x) → −∞. Take x = p(x), a limit point y of X t (x) andỹ ∈ p −1 (y). Then, there are sequences n k ∈ N and r k ∈ R such that n k → ∞,
Consider the sequence of closed paths inM ,
whereδ is a path from g −n k+1 (ỹ) to g −n k (ỹ) and, again,γ denotes the minimal geodesic inM . Clearly the closed curve c k = p(c k ) is homologous to the product 
Therefore every point of the sequence X [r k ,r k+1 ] (x) lies in def(u). However, def(u) consists of finitely many singularities, so the length of the paths X [r k ,r k+1 ] (x) goes to 0. This implies that the length of the corresponding pathsX [r k ,r k+1 ] (x) also goes to 0, which contradicts n k → ∞. This contradiction yields the result.
Next we give a geometric meaning for the deficiency. Given a closed transverse submanifold S we define
Define the Poincaré dual of S as the cohomology class
or Σ p∈c∩S p , where p = 1 or −1 depending on whether c intersects S at p in the direction given by X or not (otherwise).
Proposition 2.2. If S is a closed transverse submanifold of X, then def(u
Proof. For simplicity we write u = u S . Take sequences
Since M is compact we can assume x k (and hence X t k (x k )) converge to some point x ∈ M . We claim that x ∈ σ S . Indeed, suppose by contradiction that x ∈ σ S . Then, there is t ∈ R such that X t (x) ∈ S. By replacing x by X t (x) if necessary we can assume that t = 0 so x ∈ S. As S is transverse to X we can select > 0 (say) such that X − (x) ∈ S. As in the proof of Lemma 2.1, since X − is a diffeomorphism isotopic to the identity which commutes with X t k , we have
Since the positive orbits of X intersects S in the positive direction, we get
However, from the flow box theorem [13] applied to the positive orbit
This contradiction proves the claim. Now we claim that
Indeed, if this is not true, then we can assume that there is a compact neighborhood W of σ S with W ∩ S = ∅ and t k ∈ [0, t k ] such that the sequence X t k (x k ) converges to some y ∈ ∂W . We have that t k is not bounded because, otherwise, we would have that y ∈ σ S since x k → x ∈ σ S and σ S is an invariant set. Therefore t k → ∞. From this we get at once that X t (y) ∈ S for all t ≥ 0. On the other hand, if there were t ≥ 0 such that X −t (y) ∈ S, we would also have
This is a contradiction which shows y ∈ σ S . Since W is a compact neighborhood of σ S and y ∈ ∂W , we get the contradiction proving (2.2). Now the result follows from (2.1), (2.2) and the definition of deficiency.
Next we give a simple characterization of the sphere S n , n ≥ 2, in terms of closed transverse submanifolds for vector fields (this characterization is clearly false for n = 1).
Lemma 2.3. A closed n-manifold M is homeomorphic to S
n if and only if there is a vector field X all of whose singularities are hyperbolic in M which exhibits a closed transverse submanifold S intersecting all regular orbits such that u S = 0.
Proof. The only if part is trivial, so we only need to prove the if part. Suppose that M exhibits a vector field X with hyperbolic singularities and a closed transverse submanifold S intersecting all regular orbits such that u S = 0. Given a singularity σ we define its stable and unstable manifolds:
It is well known that they are in fact immersed submanifolds of M ( [7] ). We call σ attracting or repelling depending on whether dim(W s (σ)) = n or dim(W u (σ)) = n. Otherwise we call it saddle-type. For simplicity we write u = u S . Notice that if there is t > 0 such that X t (S) ∩ S = ∅, we could find a closed transverse path c intersecting S only once; thus u([c]) = 0, yielding u = 0, which is a contradiction. Therefore X t (S) ∩ S = ∅ for all t > 0. From this we get the disjoint union
where Sing(X) denotes the set of singularities of X and
Clearly if σ is attracting, then S σ is an open subset of S. Let x k ∈ S σ be a sequence converging to some x ∈ S. We have x ∈ S σ for some σ ∈ Sing(X) which must be saddle-type. Since S intersects every regular orbit we have that the positive orbit of every point in W u (σ ) \{σ } intersects S. Now, take a closed path c = ρ * γ * β * α formed by a path α in the positive orbit of x with α(1) being close to σ , a path β from α(1) to some point β(1) ∈ W s (σ ) \ {σ } close to σ , a path γ in the positive orbit of β (1) 
then there is a repelling singularity σ * such that S = S u σ * . Since σ and σ * are attracting and repelling respectively we have that S = S s σ = S u σ * is the boundary of two n-balls B and B * , centered at σ and σ * respectively, such that M = B ∪B * . Therefore M is diffeomorphic to S n (see for instance Theorem 6, p. 35, in [14] ) and the result follows.
Proof of Theorem 1.3. Let X be a vector field all of whose singularities are hyperbolic on a closed n-manifold M = S n , n ≥ 2. Consider a closed transverse submanifold S intersecting all regular orbits. Since M is closed we have that X has finitely many singularities; hence σ S is finite. Therefore def(u S ) is finite by Proposition 2.2. Finally, u S = 0 by Lemma 2.3 since M = S n .
To finish we present two examples related to the above results. The first one is motivated by the fact that every cohomology class with finite deficiency is positive at every nonzero homology direction. Indeed, this fact made us ask if the conclusion of Theorem 1.2 holds for cohomology classes which are positive at every nonzero homology direction instead of the nonzero ones with finite deficiency. However, we have the following counterexample.
Example 2.4.
There is a vector field in the 2-torus which is not gradient-like up to infinite cyclic coverings but exhibits a nonzero cohomology class which is positive at every nonzero homology direction.
This counterexample is described in Figure 1 (u is nothing but the Poincaré dual of the transverse circle S). This example also shows that a cohomology class may have infinite deficiency even if it is positive at every nonzero homology direction.
The second example is motivated by the fact that there is a trivial example where the hypotheses of Corollary 1.1 are fulfilled: the suspended one. This observation made us ask if there are nontrivial examples where this corollary applies, namely, ones with singularities (all hyperbolic) on closed n-manifolds = S n , n ≥ 2, S Figure 1 exhibiting closed transverse submanifolds intersecting all regular orbits. It is worth noting that the answer is negative for n ∈ {1, 2} and also for n = 3 as soon as the vector field has only one singularity (see the proof of Proposition 3.9, p. 740, in [8] ). Actually we have a positive answer for n = 3 by the following:
Example 2.5. There is a closed 3-manifold = S 3 exhibiting a vector field with just two singularities (both hyperbolic) and a transverse torus intersecting all regular orbits. points inward) and T out = ∂ST (where X 0 points outward). Notice also that ST belongs to the interior of a 2-sphere S where X 0 points inward. Gluing T in to T out in a suitable way respecting the flow of X 0 in a way such that the two branches of the unstable manifold of σ 1 enter inside S through points different from p 1 , p 2 , we obtain a closed manifold M and a vector field X with hyperbolic singularities (σ 1 , σ 2 , say) on M such that the common torus T ≈ T in ≈ T out is a closed transversal intersecting all regular orbits. Evidently M = S 3 since M has a nonseparating torus (T say). This ends the construction of the example.
